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Abstract—Application of the network operator for the synthesis 

of intelligent control systems is considered. An example of the 

synthesis of automatic control on the space trajectories of 

unmanned helicopter is given. 

Synthesis of control systems, intelligent systems, network 

operator, quadrotor. 

I.  INTRODUCTION 

Intelligent control systems are used at the control of 
complex objects for decision making and choice of operation 
options. A distinctive feature of intelligent control is the system 
with logic conclusions. The mathematical model of intelligent 
control systems is described by mathematical and logical 
expressions.  

In this paper we consider a numerical method for the 
synthesis of intelligent control systems. For the synthesis 
problem the control is searched in a form of multidimensional 
function depending from coordinates of space of object 
conditions. A solution of the synthesis is the mathematical 
expression for the synthesis control function. 

Creation of numerical method for search the mathematical 
expressions became possible when the genetic programming 
appeared [1, 2]. The method of genetic programming allows to 
search mathematical expressions in a form of a symbol string 
by using a genetic algorithm.  

The network operator method uses a directed graph to 
describe the mathematical expression [3]. The network 
operator method has been successfully used to solve problems 
of synthesis of control systems [4, 5, 6, 7, 8].  

This paper presents the use of the network operator for the 
synthesis of intelligent control systems. The developed method 

allows to simultaneously find a mathematical expression for 
synthesizing control functions and the Boolean expression for 
the function of logic outputs. 

II. THE PROBLEM OF SYNTHESIS OF INTELLIGENT 

CONTROL SYSTEM 

The system of differential equations which describes the 
dynamics of the object is  

( )ux,fx =& ,   (1) 

where nRx∈ , 
m

Ru ⊆∈U , U  is a closed bounded domain. 

The initial conditions are 

( ) 00 xx = .   (2) 

The quality criterion is given in the form 

( ) ( )( ) minimum,

0

0 →= ∫
ft

dtttfJ ux ,  (3) 

where ft  is a control time. 

To minimize functional (3) it is necessary to find the 
control in a form 

( )vxgu ,= ,   (4) 

where v  is a vector of Boolean variables, [ ]Tkvv K1=v , 

{ }1,0∈iv , ki ,1= . 
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Boolean variables define the choice of control options 
based predicate functions, which is also necessary to find 

( )xhv = ,   (5) 

where ( ) { } { }
44 844 76

K

k
n 1,01,0  : ××→Rxh . 

III. THE NETWORK OPERATOR METHOD 

Consider the structure of mathematical expression. Many 
mathematical expressions are described by the following types 
of elements: operations, parameters and variables. There are 
unary and binary operations.  

Thus, we have constructive sets to describe mathematical 
expressions. Let us fix symbols to correspond to the elements 
of these sets. 

Set of variables 

( )nxx ,,X 1 K= .    (6) 

Set of parameters 

( )Pqq ,,Q 1 K= .    (7) 

Unary operations set 

( ) ( ) ( )( )zzzz Wρρ=ρ= ,,,O 211 K .  (8) 

Binary operations set 

( ) ( )( )zzzz V ′′′χ′′′χ= − ,,,,O 102 K .  (9) 

The set of unary operations must include the identity 

operation ( ) zz =ρ1 . Binary operations are commutative 

( ) ( )zzzz ii ′′′χ=′′′χ ,, , 1,0 −= Vi , associative 

( )( ) ( )( )zzzzzz iiii ′′′′′′χχ=′′′′′χ′χ ,,,, , 1,0 −= Vi , and have a 

unit element ( ) 2O, ∈′′′χ∀ zzi  ie∃  such that ( ) zzeii =χ , , 

1,0 −= Vi . 

When a mathematical expression is represented by the 
elements of the constructive sets (6) – (9), it is called the 
program notation of the mathematical expression. 

To form a graph associated with the mathematical 
expression, a program notation has to satisfy additional 
requirements. Only unary operations or 1 are used as 
arguments of binary operations. Binary operations or an 
element from the sets of variables and parameters are used as 
arguments for unary operations. Those unary operations that 
have the same parameters or variables as arguments are not 
arguments for binary operations. 

All the requirements mentioned above are satisfied if we 
use in the program notation additional unary identity operation 
and unit elements for binary operations. 

The main principle for constructing a graph based on the 
graphical notation of mathematical expressions is the 
following: an arc of the graph corresponds with the unary 
operation, and a node corresponds with the binary operation, 
parameter or variable.  

For construction a network operator we can use the 
following unary and binary operations: 

( ) zz =ρ1 , ( )
⎪
⎩

⎪
⎨

⎧

ε
>ε

=ρ
−

otherwise  ,

 
1

 if  ,

2

1

2

z

z
z , ( ) zz −=ρ3 , 

( ) ( ) zzz sgn4 =ρ , ( )
( )

⎪
⎩

⎪
⎨

⎧
ε<

ε=ρ
otherwise  ,

  if  ,
sgn

z

z
z

z
15 , 

( ) ( )
⎪⎩

⎪
⎨
⎧ ε−>ε=ρ
−

otherwise  ,

 ln if  ,1

6 ze

z
z , ( ) ( )

⎪⎩

⎪
⎨
⎧

ε
>ε

=ρ
otherwise  ,ln

 
1

ln- if  ,ln
7

z

z
z , 

( )
( ) ( )

⎪
⎩

⎪
⎨

⎧

+

−

ε−>

=ρ
−

−
otherwise  ,

1

1

 ln if  ,sgn

8

z

z

e

e

zz

z , ( )
⎩
⎨
⎧ ≥=ρ

otherwise  ,0
 0 if  ,1

9
z

z , 

( ) ( )zz sgn10 =ρ , ( ) ( )zcos11 =ρ z , ( ) ( )zz sin12 =ρ , 

( ) ( )zz arctan13 =ρ , ( )
( )

⎪
⎩

⎪
⎨

⎧

ε
>

ε=ρ

otherwise  ,

1
  if  ,

sgn

3

3
14

z

z
z

z , 

( )
⎪⎩

⎪
⎨
⎧ ε<ε

=ρ
otherwise  ,

  if  ,

3

3

15
z

z
z , ( ) ( )⎩

⎨
⎧ <

=ρ
otherwise  ,sgn

1  if  ,
16 z

zz
z , 

( ) ( ) ( )1lnsgn17 +=ρ zzz , 

( )
( ) ( )

( )
⎪
⎪
⎩

⎪⎪
⎨

⎧

⎟
⎠
⎞

⎜
⎝
⎛ −

ε−>
ε=ρ

otherwise  ,1sgn

ln  if  ,
sgn

18 z
ez

z
z

z , 

( )
( )

( )⎪⎩

⎪
⎨
⎧ ε−>

=ρ −
otherwise  ,sgn

ln  if  ,0
19 z

ez

z
z , 

( )

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

ε
−

ε

<

ε>

=ρ

otherwise ,
23

0  if  ,0

  if  ,1

3

3

2

2
20

zz

z

z

z , 

( )

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

ε
−

ε

ε
−<−

ε
>

=ρ

  otherwise  ,
43

2
  if  ,1

2
  if  ,1

3

3

2

21

zz

z

z

z , 

( )
( )

⎪⎩

⎪
⎨
⎧ ε−>

=ρ −
otherwise  ,

ln  if  ,0
22 z

e

z
z , 
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( )
( )

⎪
⎩

⎪
⎨

⎧

−
ε

>
ε

−
=ρ

otherwise  ,

1
  if  ,

sgn

3

3
23

zz

z
z

z ,

( )
( )

⎪
⎪
⎩

⎪⎪
⎨

⎧

+

ε−>
ε+

ε

=ρ

−
otherwise  ,

1

1

ln  if  ,
1

24

ze

z

z , 

( ) zzzz ′′+′=′′′χ ,0 , ( ) zzzz ′′′=′′′χ ,1 , 

( ) { }z,zmax,2 ′′′=′′′χ zz , ( ) { }z,zmin,3 ′′′=′′′χ zz , 

( ) zzzzzz ′′′−′′+′=′′′χ ,4 , 

( ) ( ) ( ) ( )22
5 sgn, zzzzzz ′′+′′′+′=′′′χ , 

( ) ( )( )zzzzzz ′′+′′′+′=′′′χ sgn,6 , 

( ) ( ) { }z,zmaxsgn,7 ′′′′′+′=′′′χ zzzz , 

where ε  is a very small positive constant. 

For example consider mathematical expression 

2
1111 sin

xexqxxy −++= . 

For this equation we have sets ( )21,X xx= , ( )1Q q= , 

( ) ( ) ( ) ( )( )zzezzzzz z sin,,,O 126311 =ρ=ρ−=ρ=ρ= ,  

 ( ) ( )( )zzzzzzzz ′′′=′′′χ′′+′=′′′χ= ,,,O 102 . 

The network operator for the mathematical expression is 
represented in Fig. 1. 

 

Figure 1.  Example of a network operator 

Definition. The network operator is a directed graph with a 
determined set of properties.  The graph is circuit-free. There is 
at least one path from the source node to any non-source node. 
There is at least one path from the sink node to any non-sink 
node. Every source node corresponds to an element from the 
set of variables X  or parameters Q . Every arc corresponds to 

the unary operation from the set of unary operations 1O . Every 

node corresponds to the binary operation from the set of binary 

operations 2O , defined in (6)-(9) respectively. 

To calculate mathematical expression we have to follow 
certain rules: 

a) unary operation is performed only for the edge that 
comes out from the node with no incoming edges; 

b) the edge is deleted from the graph once the unary 
operation is performed; 

c) the binary operation in the node is performed right after 
the unary operation of the incoming edge is performed;  

d) the calculation is terminated when all edges are deleted 
from the graph. 

IV. NETWORK OPERATOR MATRICES 

To present a network operator in the PC memory we use a 
network operator matrix (NOM). NOM is based on the incident 

matrix of the graph [ ]ija=A , { }1,0∈ija , Lji ,1, = , where 

L  is the number of nodes in the graph. 

If we replace diagonal elements of the incident matrix with 
the numbers of binary operations that correspond to appropriate 
nodes and nonzero non diagonal elements with numbers of 

unary operations, we shall get NOM  [ ]ijψ=Ψ , Lji ,1, = . 

For the network operator shown on the Fig. 1 we have the 
following incident matrix 

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

000000000
100000000
100000000
001000000
001000000
010000000
000100000
000010000
010011000

A . 

NOM for the graph on Fig. 1 is the following 

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

000000000
100000000
101000000
006000000
001010000
010000000
000100000
000010000
0120011000

Ψ . 

V. LOGICAL NETWORK OPERATOR  

For construction of logical expression we use sets of logical 
unary and binary operations  

( ) ( )( )yy 211 ,O ϕϕ= ,   (10) 

( ) ( ) ( )( )yyyyyy ′′′ω′′′ω′′′ω= ,,,,,O 2102 ,  (11) 

where { }1,0∈y , 

( ) yy =ϕ1 , ( ) yy ¬=ϕ2 , ( ) yyyy ′′∨′=′′′ω ,0 , 

( ) yyyy ′′∧′=′′′ω ,1 , ( ) yyyy ′′⊕′=′′′ω ,2 . 

For example consider a logical expression 
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4321 yyyyv ∧∨¬∧= . 

We use operations from sets (10), (11) and obtain 

( )( ) ( )( )43122110 ,,, yyyyv ωϕωω= . 

To design graph for this logical expression we should 
transform it so that binary operations had like arguments unary 
operations, and arguments of unary operations were binary 
operation or variables. For this goal we add to the logical 
expression identity unary operation and binary operations with 
unit element. We obtain 

( ) ( )( )( ) ( ) ( )( )( )413112211110 ,,, yyyyv ϕϕωϕϕωϕω= . 

Graph of logical network operator is represented in Fig. 2. 

 

Figure 2.  Example of a logical network operator 

The matrix of the logical network operator is  

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

0000000
1100000
1010000
0100000
0100000
0020000
0010000

Ω . 

VI. GENETIC ALGORITHM FOR SYNTHESIS OF INTELLIGENT 

CONTROL SYSTEM  

To construct the algorithm for synthesis of optimal 
intelligent control system we use a principle of basic solution. 
The principle of basic solution means that when solving 
optimization problems, initially we set the basic solution that is 
one of admissible solutions, then define small variations of 
basic solution and create search algorithm that searches for the 
optimal solution on the set of small variations. 

Let us define the following small variations of network 
operator: 0 - replacement of unary operation by the edge of the 
graph; 1 - replacement of binary operation in the node; 2 - 
addition of the edge with unary operation; 3 - removal of unary 
operation with the edge of the graph. These all variations can 
be used for a logical network operator too. 

To describe any variation it is enough to use an integer 

vector [ ]Twwww 4321    =w  of four elements. The first 

element of vector of variations w specifies the number of 

variation, the second – the number of node that the edge comes 
out, the third - the number of node that the edge comes in, and 
the fourth – number of unary or binary operation.  

For genetic algorithm we should create a basic solution that 

is described by the basic network operators 0Ψ  and 0Ω . The 
ordered set of vectors of variations is considered to be a 
chromosome 

( )ilii
ww ,,W

1
K= , Hi ,1= ,  (12) 

where H  is the size of population, l  is the length of 

chromosome. 

To know the network operator on which the vector of 
variations acts, we introduce a binary vector 

[ ]Ti
l

ii ss K
1

=s , { }1,0∈ijs , Hi ,1= , lj ,1= . (13) 

All genetic operations are performed on the vectors of 

variations. Each vector of variations 
iW  changes basic 

solution thus we obtain new solution 

⎪⎩

⎪
⎨
⎧ =

=
−

−

otherwise,  -  

,1  if  ,

1,

1,
,

jiij

i
j

ji
ji s

Ψw

Ψ
Ψ

o
lj ,1= , (14) 

⎪⎩

⎪
⎨
⎧ =

=
−

−

otherwise,  -  

,0  if  ,

1,

1,
,

jiij

i
j

ji
ji s

Ωw

Ω
Ω

o
lj ,1= . (15) 

For effective search we change basic solutions on the best 
solutions found after some number of generations called epoch. 

During search of mathematical expression structure which 

is described with network operators iΨ  and iΩ , we use 
genetic algorithm and for search of optimal values of 
parameters Q∈q . 

Thus in genetic algorithm each chromosome consists of two 

parts, a structural part 
iW  with a binary vector 

i
s  and 

parametrical one iq . 

After crossover of two chromosomes we receive four 
children. For two children only parametrical parts are crossed, 
and structural parts are not changed. For two other children 
both structural and parametrical parts are changed. 

VII. AN EXAMPLE  

Consider the synthesis of intelligent control system for 
unmanned helicopter named quadrotor. 

The mathematical model of quadrotor is the following 

21 xx =& , 

( ) ( )97
0

2 sincos xx
m

T
x −=& , 
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43 xx =& , 

( ) ( ) 097
0

4 coscos gxx
m

T
x −=& , 

65 xx =& , 

( )6
0

6 sin x
m

T
x =& , 

87 xx =& , 

( )
1

31
8

I

luu
x

−
=& , 

109 xx =& , 

( )
3

42
10

I

luu
x

−
=& , 

where 1x , 3x , 5x  are the coordinates of centre of mass, 1x  is 

a linear range, 3x  is an altitude, 5x  is a cross range, 2x , 4x , 

6x  are corresponding projections of velocity vector of center 

of mass, 7x , 9x  are rotational angles over horizontal plane, 

8x , 10x  are corresponding velocity angles, 1u , 2u , 3u , 4u  

are thrusts of propellers, 4321 uuuuT +++= , l  is the 

distance between the opposite propellers, 1I , 2I  are moments 

of inertia toward the horizontal, 0m  is a quadrotor mass, 0g  

is a gravity acceleration. 
The control is bounded by 

+− ≤≤ uuu i , 4,1=i , 

where 
−u  and 

+u  are given values of minimum and 

maximum thrust of propeller. 

The trusts of propellers should satisfy the following 
condition 

04321 =−+− uuuu , 

Rotational angles 7x  and 9x  are bounded by  

+− ≤≤
777 xxx , 

+− ≤≤
999 xxx . 

Space trajectory is presented as a set of points  

( ) ( )( )1
5

1
3

1
1

0
5

0
3

0
1

,,,,,,
−−−= MMM xxxxxxP K , 

where M  is a number of points on the trajectory. 

It is necessary to find the control that minimizes two object 
functions. The first function determines accuracy of movement 
over the trajectory. The second function defines time of passing 
of a trajectory. 

( ) minmin

1

1

2

1 →
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ −= ∑ ∑

−

= α
αα

M

j

j

t
xtxJ , 

min2 →= ftJ , 

where  

( )

⎪
⎪
⎩

⎪⎪
⎨

⎧
ε<⎟

⎠
⎞⎜

⎝
⎛ −

=

+
α

αα∑

otherwise  ,

  if  ,
2

t

xtxt
t

j

f , 5,3,1=α . 

The parameters of model 10 =m , 03.01 =lI , 

03.03 =lI , 81.90 =g , 5.1=−u , 4=+u , 1.07 −=−x , 

1.0
7
=+x , 1.09 −=−x , 1.0

9
=+x , 24=+t . 

The control stabilizes the quadrotor near the points of trajectory 
and intelligent control switches from point to point. 

For the solution of our problem we used a genetic algorithm 
and the methods of arithmetic and logical network operators.  

For trajectory of eight points 

( ) ( ) ( ) ( )( ,10,16,0,5,16,5,0,16,10,0,18,5=P  

( ) ( ) ( ) ( ))0,10,0,5,10,5,10,12,10,10,14,5  

we have received the control  

( ) ( )( )−+++= 44011410 sinarctan xxgqxqT  

jjj
xxxxqxqxxq

333312
2
913339 sgn −⎟

⎠
⎞⎜

⎝
⎛ −−+⎟

⎠
⎞⎜

⎝
⎛ − , 

14118279610542 qxxqxqxqxquu
j +⎟
⎠
⎞⎜

⎝
⎛ −++−−=− , 

⎟
⎠
⎞⎜

⎝
⎛ −++−−=− j

xxqxqxqxquu
55463728131 , 

where 134.01 =q , 375.02 =q , 066.03 =q , 041.04 =q , 

118.05 =q , 328.06 =q , 058.07 =q , 035.08 =q  

81.139 =q , 53.1310 =q , 8906.011 =q , 51.312 =q , 

247.013 =q , 001.014 =q . 

We have received the intelligent control 

ε∨= zzyyyv 1531 , 

where ⎟
⎠
⎞

⎜
⎝
⎛ −−θ= αααα

j
xxdy , ⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞⎜

⎝
⎛ −θ= +

21
1

11 xxxz
j

, 

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛ −−εθ= ∑

α
ααε

2
j
xxz , ( )

⎩
⎨
⎧ ≥=θ

otherwise,0

0  if,1 A
A ,  

5.0=αd , 5,3,1=α , 2.0=ε . 
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The set of Pareto optimal solutions is presented in Fig 3. 

 

Figure 3.  A Pareto set  

The results of simulation for one of solutions from the 
Pareto set are presented in Fig. 4-6. Red points indicate the set 
space trajectory. For received controls we have the following 

values of quality criteria 38.31 =J , 61.182 =J . 

 

Figure 4.  A projection of the trajectory on a plane { }51, xx  

 

Figure 5.  A projection of the trajectory on a plane { }13, xx  

 

Figure 6.  A projection of the trajectory on a plane { }53, xx  

VIII. CONCLUSION 

We obtained an intelligent control by the numerical 
network operator method. The control provides the movement 
of unmanned helicopter over the trajectory points, and the time 
of movement is less than 20 seconds. 
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